It is well known that the notions of spatial locality are often lost in quantum systems with longrange interactions, as exhibited by emergence of phases with exotic long-range order and faster propagation of quantum correlations. We demonstrate here that such induced quasi-nonlocal effects do not necessarily translate to growth of global entanglement in the quantum system. By investigating the ground and quenched states of the variable-range, spin-1/2 Heisenberg Hamiltonian, we observe that the genuine multiparty entanglement of the system can either selectively enhance or counterintuitively diminish with growing range of interactions. The behavior is reflective of the underlying phase structure of the quantum system and provides key insights for generation of multipartite entanglement in experimental atomic, molecular and optical physics where such variable-range interactions have been implemented.
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I. INTRODUCTION
In recent years, there has been considerable interest in investigating the physical properties related to quantum systems with long-range interactions [1] [2] [3] [4] . This is primarily in response to the significant developments made in experimental atomic, molecular and optical (AMO) physics [5] [6] [7] , where such interactions can be implemented in a well controlled setting [8] [9] [10] [11] . These studies have led to a flurry of exciting new physical phenomena [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , for instance, propagation of correlations faster than the Lieb-Robinson bound [13] [14] [15] , emergence of exotic long-range order [17] [18] [19] [20] , and dynamical phase transitions [21, 22] . Most of these phenomena arise from the breakdown of quasilocality in the presence of long-range interactions [27, 28] , and are therefore, not observed in the more widely studied short-range systems. Importantly, the loss of quasilocality can lead to nontrivial distribution of entanglement [29] in these systems [12] [13] [14] [15] [16] , which is an important resource in implementation of various quantum information and computation protocols [30] [31] [32] (also see [33] ). While recent studies have focussed on the growth of entanglement between two parties in a variable-range interacting system [12, 16] , the effect of emergent quasi-nonlocality due to long-range interactions on the global entanglement of these systems remains elusive [34] . Here, we address this void by investigating the multipartite entanglement in the ground and quenched states of quantum many-body systems with long-range interactions.
It is known that entanglement jointly distributed among many parties has richer features [35, 36] , which has allowed for the design of sophisticated protocols such as cryptographic conference [37, 38] and multiparty quantum communication [39] [40] [41] [42] [43] [44] . Multiparty entangled states are also intrinsic resources in implementation of novel quantum computation models such as measurement-based quantum computation [45] . In the past decade, notable progress in experimental physics has allowed for the efficient creation and manipulation of multiparty entanglement [46] [47] [48] [49] [50] . This opens up the exciting potential for harnessing systems with tunable range of interactions for physical realization of these quantum protocols. Moreover, multiparty entanglement is also an important characteristic quantity in the study of critical phenomena in many-body systems [51] [52] [53] [54] [55] [56] [57] [58] .
In this work, we consider a spin-1/2 Heisenberg chain with spin interactions that follow a power-law decay (1/r α ). Efficient implementation of such variable interactions has been possible with recent developments in AMO physics, in particular with cold atoms [7] where the parameter α can be tuned. Other systems include Rydberg atoms [8] , trapped ions [9] and polar molecules [10] . For the considered model, we characterize the multiparty entanglement in both the ground and quenched states of the Hamiltonian. Intuitively, one expects that the spatial nonlocal effects induced by the long-range interactions shall result in quantum phases with enhanced global entanglement. However, we observe that this is not necessarily the case and not all long-range interacting systems behave similarly. We observe a clear dichotomy between two different regimes, depending on whether the interactions in the x-y spin plane are antiferromagnetic (AFM) or ferromagnetic (FM). For the ground state phase, we note that while the states in the FM regime have enhanced multiparty entanglement for increased range of interactions in the system, counterintuitively, for the AFM regime the global entanglement weakly diminishes. Interestingly, we note that this is no longer the case for quenched states of the Hamiltonian. Here AFM interactions with long-range are more favorable towards the growth of multiparty entanglement, in contrast to the FM interactions, where the growth appears almost independent of the range of interactions. Thus, our findings clearly demonstrate that long-range interaction selectively enhances quantum resources, such as global entanglement in the system, and this is important for experimental efforts to generate entangle-arXiv:1809.02335v1 [quant-ph] 7 Sep 2018 ment and implement QIT protocols using systems with variable-range interactions.
The paper is arranged as follows. We introduce our model, the spin-1/2 Heisenberg chain with long-range interactions, in Sec. II. The measure of genuine multipartite entanglement is defined in Sec. III. In Sec. IV, we discuss the multiparty entanglement in the ground state phases of the model. The growth of entanglement in quenched states is investigated in Sec. V, with the final discussion of the work in Sec. VI.
II. MODEL
We start by introducing the physical system of our interest, the one dimensional (1D) quantum spin lattice, consisting of spin-1/2 particles, coupled via longrange interactions with power-law decay. The Heisenberg Hamiltonian governing such a system can be written as
where α ≥ 0 is the continuous exponent that controls the long-range interaction. J x and J y are the coupling constants along the x and y spin axes, respectively, and ∆ is the anisotropy along the z-direction. Here, σ m 's are the Pauli spin matrices (m ∈ {x, y, z}). For J x , J y < 0, the interaction in the x-y plane is ferromagnetic, while for J x , J y > 0, we obtain the antiferromagnetic coupling. The above Hamiltonian, in the presence of long-range interactions, has a rich phase diagram. For ∆ = 1 and α = 2, the model reduces to exactly solvable Haldane-Shastry model [59, 60] . Moreover, for J x = J y = −1, an exotic continuous symmetry breaking (CSB) phase emerges [20] for low values of α, apart from the known XY and AFM phases observed in the short-range Hamiltonian. This is a true hallmark of the quasi-nonlocal effect and change in dimensionality induced by long-range interactions. For α = ∞, the model reduces to the shortrange Heisenberg model with nearest-neighbor (NN) interactions. A schematic of a 1D long-range quantum spin system of arbitrary size and with power-law decay of interactions is provided in Fig. 1 . In our study, we consider periodic boundary conditions for the spin chain.
III. MEASURE OF GENUINE MULTIPARTY ENTANGLEMENT
Before going into the detailed analysis of the entanglement properties of the ground and quenched states of the long-ranged Heisenberg model, we begin by defining the genuine multiparty entanglement of a quantum state. We note that there exists several equivalent definitions and measures of multiparty entanglement in the literature [29] . In our work, we are mainly focussed on the genuine multiparty entanglement of a quantum system [61] , which is defined as follows: An N -party pure quantum
Schematic of a quantum spin chain with interactions that follow a power-law decay, 1/r α . The black (bold) and red (dotted) lines show the short-and long-range coupling between the j th and the other spins in the quantum system. state, |ψ N , is said to be genuinely multiparty entangled if it cannot be written as a product in any bipartition. In other words, a genuine multiparty entangled state is entangled across all bipartitions of the system [62] [63] [64] . In order to estimate this quantity in |ψ N , we consider the generalized geometric measure (GGM) [64] , which is a computable measure of genuine multiparty entanglement of a state. It is defined as an optimized distance of the given quantum state, |ψ N , from the set of all states that are not genuinely multiparty entangled. This can be mathematically expressed as G(|ψ N ) = 1 − Λ 2 max (|ψ N ), where Λ max (|ψ N ) = max | χ|ψ N |, with the maximization being over all such pure quantum state |χ that are not genuinely multiparty entangled. Following some simplifications, one can derive an equivalent expression for the above equation, given by [64] G(|ψ N ) = 1−max{λ 2 A:B |A∪B = {s 1 , . . . , s N }, A∩B = ∅}, (2) where λ A:B is the maximal Schmidt coefficient of |ψ N , in the bipartition A : B. The measure is then optimized over all possible bipartitions of the state, |ψ N , and for spin-1/2 or qubit systems, takes values in the range: 0 ≤ G(|ψ N ) ≤ 1/2. In recent years, GGM has been used to characterize genuine multiparty entanglement in strongly-correlated systems, including quantum spin liquids [65, 66] , doped spin lattices [67, 68] , and other many-body systems [69] [70] [71] [72] [73] .
We note that the computation of GGM in many-body quantum systems requires access to the complete state of the system and all its reduced density matrices. In the presence of long-range interactions, there are no known analytical or approximate methods to compute GGM (cf. [65] [66] [67] 74] ) that can be used, and we are therefore, restricted to exact numerical solutions for small, finite spin chains. In our work, we have considered systems with up to N = 20 spins, and use diagonalization and propagation methods based on the Krylov subspace and Lanczos algorithm. 
IV. MULTIPARTY ENTANGLEMENT IN THE GROUND STATE
We now study the variation of genuine multiparty entanglement (G) in the ground state phases of the spin-1/2 Heisenberg chain, with long-range interactions, given by Eq. (1) . Towards that aim, we consider two distinct regimes emanating from the Hamiltonian, i) The ferromagnetic regime, with interactions in the x-y plane given by J x = J y = −1, and ii) the antiferromagnetic, with J x = J y = 1. Here, we consider only the antiferromagnetic interactions along the z-axis, i.e., ∆ ≥ 0, where there is a distinct gap between the lowest energies. The long-range interaction in the system is controlled through the exponent α, which is varied in the integer range, 1 ≤ α ≤ 10. We exclude the extreme points corresponding to systems with infinite interactions (α = 0) or strictly NN interactions (α = ∞).
We start with the FM regime, and consider the case where the interaction is defined by α = 10, with variable anisotropy between the x-y and z directions. We note that the system is already short-range for α = 10. In Fig. 2 , we note that the ground state is genuinely multiparty entangled for all values of the anisotropy parameter, ∆ (0 ≤ ∆ ≤ 2), with the minimum G at the point, ∆ = 1. As the range of interaction is increased, by decreasing α, the genuine multipartite entanglement increases monotonically, for ∆ < 1. Subsequently, the local minima at ∆ = 1 vanishes, and at higher values of anisotropy (∆ > 1), there is a crossover between G values of different α. However, G remains the highest at α = 1, and gradually decreases with increasing ∆. Therefore, as long-range interactions in the system increases there is an expected increase in the genuine multipartite entanglement of the ground state phases of the ferromagnetic spin-1/2 Heisenberg Hamiltonian.
In the AFM regime, the situation is drastically different. For the short-range interaction (α = 10), the genuine multiparty entanglement of the ground state is minimum at ∆ = 1, with a distinct symmetry around the point, as shown in Fig. 3 . In contrast to the FM regime, ∆ = 1 is the local minima of G, for all values of α. Moreover, away from this point, G decreases as the long-range interaction in the system is increased. This intriguing behavior of genuine multipartite entanglement is in direct contrast to the behavior of the system in the FM regime, and implies a negative interdependence between global entanglement and long-range induced nonlocal effects in the system. This is significant from the perspective of physical implementation of quantum protocols where multiparty entanglement is an important resource. In the AFM regime, long-range interactions appear to be detrimental to generating large entangled states, as compared to the FM regime. At anisotropy values close to the critical point, ∆ = 1, the behavior of G is similar to that in the FM regime, i.e., increases with increasing long-range interactions, however, the values of G are considerably lower as it tends to its minima at ∆ = 1. We now reveal that the dichotomy in the behavior of genuine multipartite entanglement in the ground state of FM and AFM regimes of the Heisenberg Hamiltonian is closely related to their respective phase structures. In Fig. 4 , we show that the genuine multipartite entanglement is able to deconstruct the different phases in these regimes. For large α, the phases are similar to their counterparts corresponding to NN spin-1/2 Heisenberg chain, with two distinct phases: the XY spin liquid phase and the AFM Ising-like phase. Figures 4(a)-4(b) , shows how G distinctly highlights these phases in both the AFM and FM regimes, respectively. We note that the ferromagnetic phase corresponding to ∆ < −1 is not shown in the diagram, as G cannot be uniquely computed for degenerate ground states. The anomalous behavior arises as α is decreased and one enters the quasi-nonlocal regime. For the AFM case, a regime of relatively weak entangled phase appears, with lower values of G. In contrast, in the FM regime, the continuous symmetry breaking phase emerges with decreasing α (α ≈ 3) [20] , which is marked by a region of high genuine multiparty entanglement. Therefore, the increase in genuine multipartite entanglement with increasing long-range interactions is a consequence of the XY -CSB phase transition in the FM regime. 
V. GENERATING ENTANGLEMENT THROUGH QUANTUM QUENCH
We now look at how the genuine multipartite entanglement responds during a quantum quench mediated by the FM and AFM regimes of the Heisenberg Hamiltonian. In particular, we start with a product or completely separable initial state of the system, given by
Here, |0 i and |1 i are the eigenstates of σ z i . The initial state is subjected to a short quantum quench and coherently evolves to |ψ(t) = exp(−iHt)|ψ in . Subsequently, we measure how much GGM is generated in the quenched state, i.e., we calculate G(|ψ(t) ). We are interested in the parameter regimes away from ∆ = 1, where the dichotomy between the FM and AFM ground state phases appears to be the most distinct. Figure 5 , shows the evolution of the state after the quench. Surprisingly, for the quenched dynamics, long-range interactions (α = 1) appears to play a strong role in the growth of multipartite entanglement when |ψ in is quenched in the AFM regime. In contrast, the generation of multipartite entanglement in the FM regime is almost independent of the range of interactions in the system. This implies that highly entangled quantum states can be generated through quenching in the FM regime even in the absence of any significant long-range interactions. Therefore, in quenched dynamics long-range interactions seem to affect the multiparty entanglement favorably in the AFM regime, while remaining ambivalent in the FM regime. This is converse to the outcome that was observed in the ground state phases of the system.
VI. DISCUSSION
In this work, we have demonstrated how the quasinonlocal effect induced by long-range interactions in many-body systems, selectively affects the multipartite entanglement of the system. By investigating different ground state phases of the spin-1/2 Heisenberg Hamiltonian we observed that multiparty entanglement can be enhanced or counterintuitively, can reduce as the range of interactions are increased. In particular, these opposing effects were observed for two distinct ground states phases depending on whether the interaction in the xy plane was ferromagnetic or antiferromagnetic. While the global entanglement is expectedly boosted with more nonlocal effects for the FM regime, in contrast, longrange interactions act detrimentally in the AFM case. Interestingly, the observed dichotomy in these regimes was intriguingly different while considering the generation of multiparty entanglement through quenched dynamics of initially separable states. Here, long-range interactions allow for robust growth of global entanglement in the AFM regime, in contrast to the FM regime, where there is no perceptible advantage in using longer interactions in the quenched dynamics. Overall, our results clearly demonstrate that the system in the ferromagnetic interaction regime is more susceptible to allow significant global entanglement for both short-and long-range interactions.
Our findings provide significant insights for physical implementation of quantum protocols where multiparty entanglement is the necessary resource, such as measurement based computation or secure multiparty communication. With recent technological breakthroughs in experimental atomic, molecular and optical physics, where the systems often contain tunable long-range interactions, it is essential to determine the optimal range of interactions that will allow for maximal global entanglement in these system, which can then be harnessed in the quantum protocol.
